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ON A CLASS OF α-PARA KENMOTSU MANIFOLDS
K. SRIVASTAVA* AND S. K. SRIVASTAVA**
Abstract. The purpose of this paper is to classify α-para Kenmotsu man-
ifolds M3 such that the projection of the image of concircular curvature
tensor L in one-dimensional linear subspace of Tp(M3) generated by ξp is
zero.
1. Introduction
The geometry of concircular transformations is a generalization of inversive
geometry in the sense that the change of metric is more general than that in-
duced by a circle preserving diffeomorphism [22]. An interesting invariant of a
concircular transformation is the concircular curvature tensor.
Let (M2n+1, g) be a (2n+1)-dimensional connected pseudo-Riemannian man-
ifold. The concircular curvature tensor L [27] of M2n+1 is defined by
L(X,Y )Z =R(X,Y )Z −
τ
2n(2n+ 1)
(
g(Y, Z)X − g(X,Z)Y
)
(1.1)
whereR is the curvature tensor, τ is the scalar curvature andX,Y, Z ∈ χ(M2n+1),
χ(M2n+1) being the Lie algebra of vector fields of M2n+1.
We observe immediately from the form of the concircular curvature tensor
that pseudo-manifolds with vanishing concircular curvature tensor are of con-
stant curvature. Thus one can think of the concircular curvature tensor as a
measure of the failure of a pseudo-Riemannian manifold to be of constant cur-
vature (see also [4]). This paper is organized as follows: In §2 The basic infor-
mation about almost paracontact metric manifolds, normal almost paracontact
metric manifolds and the curvature tensor of the manifolds are given. In §3 we
have obtained the relation between second order parallel tensor and the associ-
ated metric on α-para Kenmotsu manifold . In §4 we found the necessary and
sufficient condition for an α-para Kenmotsu manifold to be ξ-concirularly flat.
Finally, we cited of an α-para Kenmotsu manifold in §5.
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2. Preliminaries
2.1. Almost paracontact metric manifolds. A C∞ smooth manifoldM2n+1
of dimension (2n+ 1), is said to have triplet (φ, ξ, η)−structure, if it admits an
endomorphism φ, a unique vector field ξ and a contact form η satisfying:
φ2 = I − η ⊗ ξ and η (ξ) = 1 (2.1)
where I is the identity transformation; and the endomorphism φ induces an al-
most paracomplex structure on each fibre of D = ker(η), the contact subbundle,
i.e., eigen distributions D±1 corresponding to the characteristic values ±1 of φ
have equal dimension n.
From the equation (2.1), it can be easily deduce that
φξ = 0, ηoφ = 0 and rank(φ) = 2n. (2.2)
This triplet structure−(φ, ξ, η) is called an almost paracontact structure and
the manifold M2n+1 equipped with the (φ, ξ, η)−structure is called an almost
paracontact manifold [12]. If an almost paracontact manifold admits a pseudo-
Riemannian metric [28], g satisfying:
g (φX, φY ) = −g(X,Y ) + η(X)η(Y ) (2.3)
where signature of g is necessarily (n+1, n) for any vector fields X and Y ; then
the quadruple−(φ, ξ, η, g) is called an almost paracontact metric structure and
the manifold M2n+1 equipped with paracontact metric structure is called an
almost paracontact metric manifold. With respect to g, η is metrically dual to
ξ, that is
g(X, ξ) = η(X) (2.4)
Also, equation (2.3) implies that
g(φX, Y ) = −g(X,φY ). (2.5)
Further, in addition to the above properties, if the structure−(φ, ξ, η, g) satisfies:
dη(X,Y ) = g(X,φY ),
for all vector fields X , Y on M2n+1, then the manifold is called a paracontact
metric manifold and the corresponding structure−(φ, ξ, η, g) is called a para-
contact structure with the associated metric g [28]. For an almost paracontact
metric manifold, there always exists a special kind of local pseudo-orthonormal
basis {Xi, Xi∗ , ξ}; where Xi∗ = φXi; ξ and Xi’s are space-like vector fields and
Xi∗ ’s are time-like. Such a basis is called φ−basis. Hence, an almost paracontact
metric manifold (M2n+1, φ, ξ, η, g) is an odd dimensional manifold with a struc-
ture group U(n,R)× Id, where U(n,R) is the para-unitary group isomorphic to
GL(n,R).
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2.2. Normal almost paracontact metric manifolds. On an almost para-
contact manifold, one defines the (2, 1)-tensor field Nφ by
Nφ := [φ, φ] − 2dη ⊗ ξ, (2.6)
where [φ, φ] is the Nijenhuis torsion of φ. If Nφ vanishes identically, then we say
that the manifold M2n+1 is a normal almost paracontact metric manifold ([13,
28]). The normality condition implies that the almost paracomplex structure J
defined on M2n+1 × R by
J
(
X,λ
d
dt
)
=
(
φX + λξ, η(X)
d
dt
)
is integrable. Here X is tangent to M2n+1, t is the coordinate on R and λ is
C∞ function on M2n+1 × R. Now we recall the following proposition which
characterized the normality of almost paracontact metric 3-manifolds:
Proposition 2.1. [23] For almost paracontact metric 3-manifold M3,the fol-
lowing three conditions are mutually equivalent
(i) M3 is normal,
(ii) there exist smooth functions α, β on M3 such that
(∇Xφ)Y = β(g(X,Y )ξ − η(Y )X) + α(g(φX, Y )ξ − η(Y )φX), (2.7)
(iii) there exist smooth functions α, β on M3 such that
∇Xξ = α(X − η(X)ξ) + βφX (2.8)
where ∇ is the Levi-Civita connection of the pseudo-Riemannian metric g.
The functions α, β appearing in (2.7) and (2.8) are given by
2α = trace {X → ∇Xξ} , 2β = trace {X → φ∇Xξ} . (2.9)
Definition 2.1. A normal almost paracontact metric 3-manifold is called
• paracosymplectic if α = β = 0 [6],
• quasi-para Sasakian if and only if α = 0 and β 6= 0 [9],
• β-para Sasakian if and only if α = 0 and β is non-zero constant, in
particular para Sasakian if β = −1 [28],
• α-para Kenmotsu if α is non-zero constant and β = 0 [25].
2.3. Curvature properties of normal almost paracontact metric 3-manifolds.
In (2n+1)-dimensional connected pseudo-Riemannian manifold (M2n+1, g), the
curvature tensor R [17] and the projective curvature tensor P [26] are defined
by
R(X,Y )Z =∇[X,Y ]Z − [∇X ,∇Y ]Z, (2.10)
P (X,Y )Z =R(X,Y )Z −
1
2n
(
g(SY, Z)X − g(SX,Z)Y
)
. (2.11)
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In 3-dimensional pseudo-Riemannian manifold the curvature tensor satisfies [5]:
R˜(X,Y, Z,W ) =g(X,W )g(SY, Z)− g(X,Z)g(SY,W ) + g(Y, Z)g(SX,W )
−g(Y,W )g(SX,Z)−
τ
2
{g(Y, Z)g(X,W )− g(X,Z)g(Y,W )}
(2.12)
where R˜(X,Y, Z,W ) = g(R(X,Y )Z,W ), τ = trace(S) is the scalar curvature of
the manifold and Ricci operator S is defined by
g(SX, Y ) = Ric(X,Y ). (2.13)
Using (2.1), (2.2), (2.3), (2.5), (2.8),(2.10) and (2.12) it is easy to prove the
following lemma:
Lemma 2.1. Let M3(φ, ξ, η, g) be a normal almost paracontact metric manifold,
then we have
R(X,Y )ξ =
{
(Y α) + (α2 + β2)η(Y )
}
φ2X −
{
(Xα) + (α2 + β2)η(X)
}
φ2Y
+
{
(Y β) + 2αβη(Y )
}
φX −
{
(Xβ) + 2αβη(X)
}
φY (2.14)
Ric(X,Y ) =
{τ
2
− (ξα) − α2 − β2
}
g(X,Y ) +
{
(ξα) + 3(α2 + β2)−
τ
2
}
η(X)η(Y )
+ {η(Y )(Xα) + η(X)(Y α)} − {η(Y )φ(Xβ) + η(X)φ(Y β)}, (2.15)
Ric(Y, ξ) = (Y α)− φ(Y β) +
{
(ξα) + 2(α2 + β2)
}
η(Y ), (2.16)
ξβ + 2αβ = 0. (2.17)
Remark 1. From (2.17), it follows that if α, β =constant, then M3 is either
β-para Sasakian or α-para Kenmotsu or paracosymplectic.
Proposition 2.2. Let M3(φ, ξ, η, g) be an α-para Kenmotsu manifold, then we
have
R(X,Y )Z =
(
τ/2− 2α2
)
(g(Y, Z)X − g(X,Z)Y )
−(τ/2− 3α2){g(Y, Z)η(X)− g(X,Z)η(Y )}ξ
+(τ/2− 3α2){Y η(X)−Xη(Y )}η(Z). (2.18)
Proof. In view of (2.12) and (2.14), we have (2.18). 
3. Second order parallel tensor field
Definition 3.1. A tensor T of second order is said to be a second order parallel
tensor if ∇T = 0, where ∇ denotes the operator of covariant differentiation with
respect to the associated metric g [8].
Now we give the following result which established the relation between second
order parallel tensor and the associated metric on α-para Kenmotsu manifold:
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Theorem 3.1. On an α-para Kenmotsu manifold M3 a second order parallel
tensor is a constant multiple of the associated tensor.
Proof. Let h denotes symmetric (0, 2)-tensor field on M3 such that ∇h = 0.
Then it follows that
h(R(Z,X)Y,W ) + h(Y,R(Z,X)W ) = 0 (3.1)
for any X,Y, Z,W ∈ Γ(TM3). Substituting Y = Z =W = ξ in (3.1), we obtain
h(R(ξ,X)ξ, ξ) = 0
which gives by virtue of (2.18) that
h(X, ξ) = η(X)h(ξ, ξ). (3.2)
Differentiating (3.2) along Y and using (2.8) and (3.2), we have
h(X,Y ) = h(ξ, ξ)g(X,Y ). (3.3)
Again differentiating (3.3) covariantly along any vector field on M3 it can be
easily seen that h(ξ, ξ) is constant. This completes the proof. 
Remark 2. If the Ricci tensor field is parallel in an α-para Kenmotsu manifold
M3, then it is an Einstein manifold.
Let us suppose that h is a parallel 2-form on M3, that is,
h(X,Y ) = −h(Y,X) and ∇h = 0. (3.4)
Then we prove the following result:
Theorem 3.2. Let M3(φ, ξ, η, g) be an α-para Kenmotsu manifold. Then non-
zero parallel 2-form cannot occur on M3.
Proof. For the parallel 2-form, we have from (3.4)
h(ξ, ξ) = 0. (3.5)
Differentiating (3.5) covariantly along X and applying (2.8) and (3.5), we have
h(X, ξ) = 0. (3.6)
Further differentiating above covariantly with respect to Y and using (2.8) and
(3.6) yields
h(X,Y ) = 0.
This completes the proof. 
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4. Main results
ξ-conformally flat K-contact manifolds have been studied by Zhen et al.[29].
Since at each point p ∈ M2n+1 the tangent space Tp(M
2n+1) can be decom-
posed into the direct sum Tp(M
2n+1) = φ(Tp(M
2n+1))⊕{ξp}, where {ξp} is the
one-dimensional linear subspace of Tp(M
2n+1) generated by ξp, the conformal
curvature tensor C is a map
C : Tp(M
2n+1)× Tp(M
2n+1)× Tp(M
2n+1)→ φ(Tp(M
2n+1))⊕ {ξp}.
An almost contact metric manifold M2n+1 is called ξ-conformally flat if the
projection of the image of C in {ξp} is zero [29].
Analogous to the definition of ξ-conformally flat almost contact metric man-
ifold we define ξ-concirularly flat normal almost paracontact metric manifold.
Definition 4.1. A normal almost paracontact metric manifold M2n+1 is called
ξ-concirularly flat if the condition L(X,Y )ξ = 0 holds on M2n+1, where concir-
cular curvature tensor L is defined by (1.1).
Theorem 4.1. Let M3(φ, ξ, η, g) be an α-para Kenmotsu manifold. Then M3
is ξ-concirularly flat if and only if the scalar curvature τ = 6α2.
Proof. Putting Z = ξ in (1.1) and using (2.14) and (2.16), we have
L(X,Y )ξ = (α2 − τ/6){η(Y )X − η(X)Y }. (4.1)
This implies that L(X,Y )ξ = 0 if and only if τ = 6α2.

As a corollary of the above theorem we have the following result:
Corollary 4.1.1. Let M3(φ, ξ, η, g) be a ξ-concirularly flat α-para Kenmotsu
manifold. Then
(i) Ricci is parallel.
(ii) M3 is Einstein.
Remark 3. An α-para Kenmotsu manifold M3(φ, ξ, η, g) is ξ-projectively flat.
5. Example
We consider the 3-dimensional manifold M3 = R2 × R− ⊂ R
3 with the stan-
dard cartesian coordinates (x, y, z). Define the almost paracontact structure
(φ, ξ, η) on M3 by
φe1 = e2, φe2 = e1, φe3 = 0, ξ = e3, η = dz, (5.1)
where e1 =
∂
∂x
, e2 =
∂
∂y
and e3 =
∂
∂z
. By straightforward calculations, one
verifies that
[φ, φ](ei, ej)− 2dη(ei, ej) = 0, 1 ≤ i < j ≤ 3,
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which implies that the structure is normal. Let g be the pseudo-Riemannian
metric defined by
[g(ei, ej)] =

exp(2z) 0 00 −exp(2z) 0
0 0 1

 . (5.2)
For the Levi-Civita connection, we obtain
∇e1e1 = −exp(2z)e3, ∇e1e2 = 0, ∇e1e3 = e1,
∇e2e1 = 0, ∇e2e2 = exp(2z)e3, ∇e2e3 = e2,
∇e3e1 = e1, ∇e3e2 = e2, ∇e3e3 = 0.
(5.3)
Using the above expressions and (2.8), we find α = 1, β = 0. Hence the
manifold is an α-para Kenmotsu manifold. With the help of (5.3) and (2.10),
we have
R(e1, e2)e3 = R(e1, e3)e1 = −exp(2z)e3, R(e1, e2)e2 = −exp(2z)e1,
R(e1, e2)e1 = −exp(2z)e2, R(e2, e3)e2 = exp(2z)e3,
R(e1, e3)e3 = e1, R(e2, e3)e3 = e2,
R(e2, e3)e1 = 0, R(e1, e3)e2 = 0.
(5.4)
From (5.4) it is not hard to see that the scalar curvature τ = 6. Therefore M3
is ξ-concircularly flat. Thus theorem 4.1 is verified.
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